Introduction
Metal oxides constitute the most abundant materials on Earth crust 1 and are attracting widespread interest in various scientific fields, from electronics to heterogeneous catalysis, passing through the fascinating, yet not fully understood, phenomenon of high critical temperature superconductivity discovered back in 1986 by Bednorz and Müller. 2 Applications involving metal oxides cover the broad ranges on thin-film transistors, solar cells, diodes, memories, and photocatalysts. [3] [4] [5] The properties of metal oxides are highly dependent on their electronic structure; for instance, the band gap plays a key role in optoelectronic properties and is also crucial in applications such as photocatalysis. In this context, band gap engineering becomes one of the important issues for the application of metal oxides in light energy harvesting for energy/environment sciences and technologies. 6 The band gap of these materials is often described in the framework of band structure theory and most often numerical predictions rely on different implementations of conventional density functional theory (DFT). However, the exchange-correlation potentials derived from the commonly used local density approximation (LDA) or generalized gradient approximation (GGA) based functionals tend to deliver severely underestimated band gaps for metal oxides to the point that calculations may incorrectly predict a metallic behavior for experimentally confirmed semiconductors. 7, 8 This wrong behavior of LDA and GGA based methods is usually referred to as the band gap problem.
Basically, the band gap problem arises from the usage of grossly approximated potentials under the Kohn-Sham implementation, and so, suffer from the self-interaction error (SIE) [10] [11] which is intrinsic to the way the Coulomb contribution is accounted for. Thus, the LDA and GGA calculated results are intrinsically affected by the SIE. In order to reduce SIE, which is exactly cancelled in Hartree-Fock (HF) method, mixing of LDA or GGA exchange potentials with HF non-local exact exchange term has been proposed. This choice leads to the so-called hybrid functionals, first proposed by Becke. 12 In hybrid functionals normally a certain percentage of semilocal exchange, ranging from 0.1 to 0.5 (10 to 50 %), is replaced by exact HF exchange, while the pure semilocal correlation potential is maintained. Some of the most widely used hybrid functionals, such as B3LYP 12 and PBE0, 13, 14 containing 20 and 25 % of HF exchange, respectively, have been found to be successful in accurately describing the geometrical and thermodynamic properties for a wide range of molecular systems. 11 However, in solids, the non-local nature of the Coulomb operator in the HF exchange of hybrid functionals leads to technical difficulties regarding slow convergence 15 as well as highly expensive computational cost, especially when using a plane waves basis set although with excellent performance. 16 Nevertheless, using a standard gaussian type orbitals (GTO) basis set, hybrid functionals have been successfully used to predict band gaps of transition metal oxides [17] [18] [19] and of more complicated systems such as antiferromagnetic NiO. 20 Hybrid functionals using a plane wave basis sets have also been successfully applied to magnetic systems such as MnO 21 and to stoichiometric and reduced CeO 2 . 22 However, the latter study uses a range separated exchange-correlation functional 23 which has been introduced to overcome the convergence drawbacks of hybrid functional above mentioned. In addition to the amount of Fock exchange, the range separated functionals introduce a second parameter aimed to define the short-range or long-range domains as described in more detail in the next section. The presence of this second parameter in the exchange-correlation potential results in a rather accurate description of the structural and thermochemical properties of both molecules and solids, including energy band gaps of solids [23] [24] [25] [26] [27] [28] [29] [30] but at the same time introducing an additional degree of empiricism which may, in addition, introduce biases or artifacts in the calculated results. Previous studies focused on the average error introduced from different choices of these parameters. 31 Here, we provide an alternative point of view by systematically exploring the combinations of the parameters reproducing experimental properties. In particular, we will show that for certain observables, such as the band gap, there is a multitude of combinations of both parameters matching the experimental result. The consequences of this behavior are also described in the forthcoming sections.
Brief description of the HSE range separated hybrid functional
The HSE functional grounds on Perdew-BurkeErnzerhof (PBE) 32 flavor of the GGA family of functionals, where the exchange-correlation energy is separated into exchange and correlation parts:
Mixing the PBE exchange potential with a given fraction of the non-local exact HF exchange, generates the PBE0 hybrid functional. 13 Here one has
where α indicates the HF mixing parameter. The PBE0 functional uses α as 1/4, a non-empirical coefficient justified from perturbation theory. 13, 33 Nevertheless, this choice is not appropriate to describe NiO 20 or the different polymorphs of stoichiometric and reduced titania (TiO 2 ), 34 where higher and smaller amounts of Fock exchange are required to reproduce experimental values of electronic structure dependent properties, respectively.
To avoid the cumbersome convergence of hybrid functionals in some periodic approaches, mainly due to the problematic long-range HF exchange, the HSE functional introduces a screened Coulomb potential, which only affects the exchange part of the exchange correlation potential. 23, 27 Thus, the exchange part of the electron-electron Coulomb interaction is arbitrarily decomposed into short range (SR) and long range (LR) contributions, and screened using the error function erf(r) as in Eq. (3)
where erfc(wr) = 1-erf(wr) and w is the screen parameter. 35 Henceforth, the HSE screened hybrid functional takes the form as in Eq. (4) 36 !"
Thus, the HSE functional contains two parameters: the HF mixing parameter α and the screen parameter w. Note also that HF exchange mixing involves the SR part of the exchange potential only. In the limiting case of w = 0, the HSE functional becomes PBE0, whereas for w→∞ it becomes PBE. For the standard HSE functional, usually referred to also as HSE06, α and w values were empirically defined as 0.25 and 0.21 Å -1 (0.11 Bohr -1 ), respectively, chosen by considering both accuracy of results and computational efficiency, as suggested by Scuseria et al. 24, 27 Coming back to the band gap problem, it is known that while LDA and GGA significantly underestimate the band gap of oxides and related materials, the increasing of HF exchange (α in Eq. 4) increases the calculated band gap. 37 Previous studies suggested that the optimal α for NiO was ~ 0. 35, 20 whereas a smaller value of 0.125 is necessary to reproduce the band gap of anatase and rutile polymorphs of TiO 2 . 34 Recently, a modification of the two parameters was also tried to adjust the calculated band gap of TiO 2 materials. 38 In a similar way, Ha et al. used α = 0. 25 40 More recently, a non-empirical way to define the optimal parameters in range separated hybrid functionals was carried out by Galli et al., 41 yet the full space of w and α combinations was not fully explored.
Despite the many studies above mentioned addressing the two parameters in HSE, studies on practical combinations for different values of α and w parameters targeting the experimental band gaps are rare, with most of the focus aimed at showing the least mean absolute error for each set of parameters. Moreover, in many studies some parameters were fixed to a certain value sparsely. Furthermore, a limited number of metal oxides was investigated, whereas the electronic structure of these materials is known to be specially challenging. 9 For this reason we here make as a further step paying attention to disclose the effect of choice of two parameters by systematically analyzing the overall α and w combinations reproducing reliable experimental band gaps for seven metal oxides, using scalar relativistic all electron density functional calculations. Our study would help to answer the question of how a set of optimal parameters is distributed, and whether a universal parameter exists among the investigated metal oxides. These results aid at understanding the effect of the HSE functional internal parameters on calculated band gaps of metal oxides. In addition, the rational procedure to gain these combinations can, by extension, be easily applied to other solid systems within HSE formalism.
Material models and computational details
In order to investigate the existence of an optimal combination of Hartree-Fock mixing and screening parameters, α and w, respectively, up to seven metal oxides systems were considered in this study. These are TiO 2 (anatase), SrTiO 3 (cubic), Cu 2 O (cubic), SnO 2 (rutile), ZrO 2 (monoclinic), ZnO (wurzite), and MgO (cubic). These metal oxides were selected from previous studies reporting their electronic structure description, the choice of α in hybrid functionals following arguments based on the dielectric constant (ε∞), 31, [40] [41] [42] [43] or their interest for the photocatalytic water splitting. 44 To eliminate the structural effect on the calculated band gaps, we used the experimentally obtained structures taken from the inorganic crystal structure database (ICSD), 45 through the Materials Project webpage, 46 see Table S1 in Supporting Information. It is notable that effect of α parameter is large on the electronic structure and, hence the band gap but much smaller in change of atomic structure, as reported for TiO 2 cases. 34 Single point calculations were carried out using 7×7×7 Monkhorst-Pack mesh of special k-points except for MgO where a 17×17×17 k-points Monkhorst-Pack mesh was used just to further check convergence of the electronic structure with respect to integration in the reciprocal space. All periodic density functional calculations were performed using the FHI-aims electronic structure code. 47, 48 Present calculations explicitly include all electrons and the electron density is described by means of numerical atom-centered orbitals (NAO). 49 The light grid in combination with the Tier-1 basis set was chosen for its accuracy similar to or higher than that obtained with 6-311G* and just below of TZVP quality. The accuracy of the basis set can be inspected by just focusing on the total energy since, according to the variational theorem, the lower the total energy the more complete the basis set is and the total energy closer to the exact variational solution. 50 omitted in previous works or included through a pseudopotential. 31 To search for a possible optimal combination of α and w that can best reproduce the experimental band gap value of these oxides we systematically screened the two parameters. Thus, w values of 0.0, 0.2, 0.4, 0.6, 0.8, and 1.2 Å -1 were considered, and for each of them α was varied from 0 to 1 with 0.25 intervals. Moreover, additional calculations were carried out to refine some points corresponding to w parameters of 0.6 Å -1 or 0.9 Å -1 to find the optimal α:w curve trend. This curve corresponds, for each oxide, to the combination of α and w values which reproduce the experimental band gap. Here a caveat is necessary since one has to regard that the band gap is computed from the band structure obtained from the Kohn-Sham orbital energies in the reciprocal space rather than from using the theoretically more grounded many-body quasi particle based GW formalism. Band structure calculations are usually performed at DFT level when GW method is not affordable. Moreover, the success of hybrid and range separated hybrid functionals in predicting the band gap is precisely based on the assumption that this property can be extracted from the band structure.
Results and discussion
In agreement with our previous study on bulk TiO 2 rutile and anatase structures, 34 we found that α and the calculated band gap exhibit a linear relationship good enough to use linear inter/extrapolation to find, for a certain fixed value of w, the α value matching the experimental band gap (see Figure S1 in Supporting Information). In the following, we refer to this α value as optimal. On the other hand, for a fixed α, the screen parameter w and the calculated band gap are roughly in inverse proportion to each other, but without displaying a linear relationship, especially for cases of high α values where an exponential decay trend is observed. Thus, in this study, we decided to use the relationship between the α parameter and the calculated band gap to find the optimal combination of α and w also with respect to the experimental band gap. In the following we discuss several relationships regarding the mixing parameter α, the dielectric constant (ε∞), the band gap, and the optimal combinations of α and w.
Defining the optimal mixing parameter without screening effect
First of all, we discuss the results obtained by varying the α parameter while keeping w = 0 and compare to the experimental band gaps as reported in Table 1 ⎯with ranges given in parenthesis. It should be noted except for Cu 2 O, the experimental value used to obtain the optimal α is the lowest value in the experimental range in Table 1 . Table 1 . Experimental band gap values (Δ, in eV), calculated optimal mixing parameter α with screening parameter w = 0 Å -1 , experimental dielectric constant (ε∞) and inverse dielectric constant (1/ε∞) for the seven metal oxides considered in the present work. The rightmost column reports the optimal (matching the experimental band gap) screening parameter w (Å -1 ) for α = 1. Table 1 ). Using the experimental band gap values in Table 1 allows one to obtain the α value leading to calculated values consistent with experiments, which we recall as optimal. Not surprisingly the optimal values for each one of the oxides studied in the present work is different (Table 1) .
In order to properly discuss the results in Table  1 , it is necessary to caution that comparing theoretical band gaps with experimental data is not free of controversy. [72] [73] [74] [75] As indicated in the previous section, the presently calculated band gaps are computed as the energy difference between the valence band maximum (VBM) and the conduction band minimum (CBM) obtained by self-consistently solving the one electronic Kohn-Sham equations and thus neglecting many-body effects in the quasi particle excitations. On the other hand, all selected experimental band gaps were measured by different techniques: Ultraviolet-visible (UV) spectroscopy in the cases of Cu 2 O, TiO 2 , SnO 2 , and ZnO 2 , electron-energy-loss spectroscopy (EELS) for SrTiO 2 and ZrO 2 , and reflectance spectroscopy for MgO. In these experiments, the electron and hole pair, called exciton, could be generated from incident light or an electron collision; there are several kinds of EELS (transmission, reflection, aloof and highresolution EELSs, and so on). [76] [77] [78] Herein we only discussed the cases for the energy loss occurring from the surface inter-band transitions. Thus, additional contributions for electron-hole pair electrostatic interaction have to be taken into account, when one wishes a more accurate comparison between the experimental and theoretical band gaps. 73 HSE calculations based on generalized Kohn-Sham scheme would give the calculated band gap excluding electron-hole pair binding energy. Thus, HSE band gap might be more near to the fundamental band gap. However, as a practical matter, HSE band gap also should be understood as a reasonable estimate of the experimental optical gap. This is justified because the optical and fundamental gaps in semiconductors are very close, as argued by Scuseria et al. 79 In this sense, it is understandable that the calculated results below show that the present theoretical estimates of band gaps are accurate enough.
Relationship between the optimal HF mixing parameter and experimental dielectric constant
From results in Table 1 it is clear that, with w parameter 0 Å -1 , the optimal α values range from 0.119 to 0.293, indicating that a universal hybrid functional able to reproduce the experimental band gaps is not achievable. In order to explain the need of using different values of α to reproduce the band gap of different materials, Fiorentini and Baldereschi, 80 suggested that α is related to the inverse of the static dielectric constant (1/ε∞) of the material. 81 Experimental dielectric constant Figure 1 . Correlation between the optimal mixing parameter α and the inverse of the experimental dielectric constants (1/ε∞) for metal oxides under scrutiny.
values and of its inverse (1/ε∞) are reported in Table 1 . Herein, it is noted that the average values of static dielectric constants were used, when there are several experimental data reported for optically anisotropic oxides. The relationship between calculated optimal α and experimental 1/ε∞ is plotted in Figure 1 . Indeed, the relationship is almost linear and a proper fit leads to α = 0.958 × (1/ε∞) + 0.045 with R 2 = 0.965. This finding supports the present estimate of the band gaps and reinforces the interpretation of Marques et al., 81 although it leaves the role of the w parameter open.
The case of Cu 2 O deserves, however, a separate discussion since when we plotted the graph of Figure 1 , we realized that previously reported band gaps measured by optical transition considerably deviated from the trend in Figure  1 . Interestingly, the reported experimental band gap has been decreasing from the earlier measurements: 2.17 eV in 1966, 53 2.02 eV in 1970, 52 and 1.70 eV in 1994. 54 The different values are marked as open circles in Figure 1 . The differences in the reported experimental values of the band gap of Cu 2 O might be due to difficulties in growing stoichiometric and clean Cu 2 O samples, 82 and to fact that the band gap of this material has the character of optically forbidden-direct transition because of the state symmetries of VBM and CBM having Cu 3d-and Cu 4s-like characters, respectively. 83 The most recent and carefully done UV experiments for a Cu 2 O thin film supported on MgO(100) reported a value of 1.70 eV. However, it is expected that this optical band gap would be wider than the ideal band gap of Cu 2 O, because optical transitions between the band-edge states are also forbidden. Thus, we decided to get an estimate from this minimum value of 1.70 eV by considering the reported correction energy, calculated as the difference between the forbidden transition energy and the first allowed transition energy, sized to be around 0.13 eV. 83 Interestingly, our estimated value of minimum band gap 1.57 eV (1.70 eV minus 0.13 eV) lines up the optimal α value, showing the remarkable nice fit to the plot in Figure 1 .
Optimal α:w trends of HSE hybrid functional reproducing experimental band gap value
The above discussion highlighted a clear relationship between the band gap and α parameter, excluding the screening effect. Moreover, by comparing the optimal α parameters with the inverse experimental dielectric constant values, indirectly one can state that present selection of experimental band gap values seems to be reasonable. This setting might become an important first step to precisely explore the space for α and w parameters of HSE functional. Here, one must point out that range separated functionals such as HSE introduce a physically meaningful additional parameter (w) controlling the range where Fock exchange needs to switched off. In order to investigate more in detail the combined effect of α and w and to find a possible combination working for all the materials studied in the present work we carried out a series of calculations to find the optimal α for different values of w, results summarized in Figure 2 and the complete set of data points included in Table S2 of Supporting Information.
The curves in Figure 2 correspond to α:w pairs which, for each material, exactly reproduce the experimental ban gap, as collected in Table 1 described in previous studies, 85, 42 but underestimates the band gap of TiO 2 , SrTiO 3 , Cu 2 O oxides, while overestimating that of SnO 2 , ZnO, and MgO. From Figure 2 it appears that the success of HSE06 in describing band gaps, either fundamental of optical, for various semiconductors, 35 precisely is due to the fact that it lies on the central part of the curve rainbow.
On the other hand, for a given α value, such as 0.25 chosen for PBE0, it appears that different amounts of screening parameters are required to reproduce band gaps for the different metal oxides: around 0.4 Å -1 for Cu 2 O and TiO 2 , around 0.3 Å -1 for SrTiO 3 , 0.2 Å -1 for ZrO 2 , and around 0.1 Å -1 for SnO 2 , respectively. This is not surprising since the screening needs to be also related to the electric response of the material. Hence, one could argue that it is more appropriate to stay with a particular amount of Fock exchange but tuning w instead. However, it is noticeable that for MgO using any values of screening parameter (w) with a given α value as 0.25 would not solve the band gap problem of underestimation. This is in agreement with the failure of HSE functional using α = 0.25 for large-gap insulators. 81 In fact, Figure 2 shows that α > 0.3 is necessary to reproduce the band gap of MgO within HSE formalism. This is also in line with the previously suggested HSE12 and HSE12s functionals, having α = 0.313 and α = 0.425, respectively, with different w parameters to minimize overall error for diverse physical properties of broad range of solids, including MgO. 31 As stated, from Figure 2 it is clear that there is an infinite number of α:w pairs reproducing the experimental band gap of a given oxide, but it is worth to highlight that the overestimation by applying a large α value is counteracted by increasing the w screening. Following this rule, each metal oxide tends to exhibit a particular curvature of the α:w plot compatible with the experimental band gap value. Figure 2 also shows that, unfortunately, there is no single α:w pair describing all materials, although this seems possible for pairs of metal oxides. Indeed, cross points are found at the combination of (α = 0.4 : w = 0.68 Å -1 ) and (α = 0.47 : w = 0.52 Å -1 ) for Cu 2 O-TiO 2 and ZrO 2 -SnO 2 , respectively. In Most notable feature of Figure 3 is that, for α values of 0.25, 0.50, and 1.00, the effect of w on the CBM lowering is different for the different metal oxides. Comparing TiO 2 to Cu 2 O, the CBM lines cross around w = 0.6 Å -1 for the three α values. This cross point is also found for SnO 2 at around w = 1.1 Å -1 (see inset in Figure 3 ), whereas for TiO 2 and ZrO 2 the cross point occurs beyond w = 1. 34, 88 This seems to indicate that, not surprisingly, the screening affects s and d bands differently. Figure S2 shows the CBM cross points for ZnO 2 and MgO possessing both a CBM of s-like character. 89, 90 On the other hand, no cross point is found for SrTiO 3 with a CBM of 3d character. Consequently, the band energy levels are influenced by α and w but also by the orbital character of the involved energy states. Thus, the difference of orbital character for energy state is likely to be behind the matching points of Cu 2 O-TiO 2 and ZrO 2 -SnO 2 pairs. It should be mentioned that this is not likely to be the sole reason, or a general feature, since other crossing points should be observed and validated in future works.
Finally, it is interesting to note that starting from pure Hartree-Fock (α = 1.0) it would be possible to reproduce the band gap of the oxides using the appropriate screening factor, implying that SR is only described by HF exchange and LR only by PBE exchange while adding the appropriate correlation functional. From equation (4), the form can be derived as
This is similar to the sX-LDA, proposed to yield improved band gaps by including screened exchange. 7 Basically, exchange and correlation have an unambiguous definition when using wave functions. 91 It retakes the meaning of exchange and correlation used in wave function based methods where Hartee-Fock is a well defined method and electron correlation has the meaning of instantaneous electron-electron interactions beyond the mean (self-consistent) field approximation. Generally, increasing the Fock exchange can reduce the spurious selfinteraction but then it misses electronic correlation effects leading to an overestimation of the band gap. Thus, the lack of correlation in pure Hartree-Fock exchange makes the gap too large and the physics needed to reduce the gap is simply to add the electron correlation contribution. This is more or less taken with the different functionals incorporating the proper screening length. This is a reason why it may be appealing to compensate the error of the band gap by the balance between the correlation and screened Hartree-Fock with appropriate screening parameters reflecting the cancellation of the long-range correlation and exchange energies. Figure 2 indicates that the proper screening parameters on those points have material dependence as like a proper HF mixing parameter with no screening effect. Note that the expected proper screening parameters at α = 1.0 depicted in Figure 2 is highly related to Thomas-Fermi (TF) screening parameters (in Å -1 ) of sX-LDA functional comprehensively studied by Clark and co-workers. [92] [93] [94] The only difference between HSE scheme and sX-LDA is the replacement of the LDA form for correlation and long-range exchange with the PBE form, as discussed by Chelikowsky et al. 31 Within a simply screened Hartree-Fock exchange plus correlation logic, TiO 2 appears to need the highest value of the screening parameter to properly predict the band gap whereas MgO will need the smallest one. However, the underlying reason of this tendency and the description for the defect systems still remains to be fully understood.
Conclusions
The effect of the internal parameters (α and w) of the range separated HSE hybrid functional incorporating scalar relativistic effects in the description of the electronic structure mainly through the optical band gap neglecting possible excitonic effects, has been studied in detail for a set of seven metal oxides including transition metals with incomplete d-shells transition metals (Ti, Zr), with complete d-shells (Cu, Zn), and also considering non-transition metals (Mg and Sn). In this study, we mainly investigated the effect of two parameters on band gaps. This is because the band gap is the most sensitive property to different settings of HSE functional. In fact, calculations for anatase, TiO 2 (see Tables S3 and S4 in Supporting Information) evidence that the effect of the two parameters on lattice parameters and formation enthalpy does not exceed 3%. It is worth pointing out that our investigation of the effect of two parameters is in line with recent work of Garza and Scuseria precisely on the band gap of oxides. 95 Neglecting the range separation, that is, for pure hybrid functionals, the calculated band gap is linearly correlated with the amount of Fock exchange included in the exchange part of the exchange-correlation potential, thus generalizing previous observations. 74 This finding suggest that the screening parameter w may not be needed, at least as far as the prediction of the band gap is concerned for metal oxides, although introducing this parameter facilitates convergence of the required calculations. In these cases, it appears that the amount of optimal Fock exchange corresponding to the selected experimental band gap linearly correlates with the inverse of the experimental dielectric constant of the material, again in agreement with previous works. 80, 81 From this step, we can confirm that our selection about the experimental band gap values, specifically optical gap values, are uniformly reasonable for the studied metal oxides.
The introduction of the screening parameter has an effect which is contrary to that of the amount of Fock exchange in such a way that increasing the value of the screening parameter reduces the calculated band gap value, this is one of the reasons why HSE06 represent an improvement over PBE0 for the calculation of band gaps, where a possible overestimation of the bandgap cannot be counteracted. However, compared to Fock exchange, the correlation between screening parameters and the calculated band gap tends to be changed from inverse proportional to exponential decay as the percentage of Fock exchange increases. Thus, only using the linear relationship between the Fock exchange and the calculated band gap would be a straightforward way to find the optimal set of two parameters via linear inter/extrapolation method.
At last, it is found that there is an infinite number of α:w combinations which, for a given metal oxide, reproduce its experimental band gap. This makes it difficult to define a unique range separated HSE-like functional able to properly describe the band gap of a given family of oxides, even though matching points for Cu 2 O-TiO 2 and ZrO 2 -SnO 2 pairs are expected to exist. From the energy state analysis regarding these, it is shown that the subtle curvature difference on α:w curves between oxides might be related with the orbital characteristic of the involved energy states. Consequently, our results provide an evidence that the band energy levels for oxides are influenced by α and w but also by the orbital character within HSE functional formalism. However, the details of the electric response for the electron density according to orbital character should be explored depending on the two parameters of HSE functional. Additionally, the present systematic study shows that it is possible to reproduce the band gap of oxides starting from the Hartree-Fock approximation, and adding correlation through the appropriate functional, provided the short range part of the Fock exchange is properly screened. This will put the difference in the material rather than on the method, which seems physically appealing. These conclusions are presented for metal oxides, it is sensible to think that conclusions would remain valid for other semiconductors and isolators, such as sulfides and selenides. 
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